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Introduction

What is the shape of an object?

Object shape can simply be a curve that represents the outline of the object boundary.

Object shape can also be a collection of curves and points that are particular for the project.




Mathematical representation: A collection of 2D points
T = [xla Y1, L2,Y25 - - - 7wNayN]
Definition of object shape:

Shape is all the geometrical information that remains after location, scale and rotation effects have

been filtered out from an object.

Working with shapes represents with point sets, we need to be able to remove dependecies on

location, scale and rotation in order to compare shapes.

TR BEAF R ST A BT AR AT L AFRA G AR 7 [ I o T DU — 48 SR £k 2

= o

[, ARBA TIRAREAE S TR PRTE IR — 28T, ATt — € ER B R R a B
X L8 L A, DLoRIS B AR 2 Rt e R IR, T A RERETT ELAC I I

Geometric transformations of point sets in R,,

If  C R" is a set of points on R", a geometric transformation of any point in ) is a mapping (a

transformation)
¢:Q— R",

which is usually assumed to be (at least) injective: every point in €2 is transformed to a unique
point in R" by ¢.

Depending on application, one may want ¢(2) = Q.
Important special case: when () is a finite set of points.

So you get from this face into this face and not introducing extra things.




Geometric transformations of images

Two "new” problems - boundary conditions
How to discretize? => As the geometric transformations are normally in continuous.

How to handle "outside the image” => Just like what we have mentioned before in the filtering.

Applications

Correction of lens distortion

Cheap or wide-angle lenses causes geometric lens distortion. The most common distortion is

(barrel) radical distortion.

negative radial distortion no distortion positive radial distortion
pincushion’ “barrel"

What we really want is in the middle here which is no distortion.

So, to comply with the assumptions of the pin-hole camera model, it may be necessary to correct

for lens distrotion before doing anythong else.

Below is the example of lens distortion. A poor webcam with a barrel distortion




Image registration

Then, there is an image registration (matching): Brain MRI

Template Non-Rigid Native reference

In medical imaging, the native reference refers to the original coordinate system of an
image, which is defined by the scanner or imaging modality that acquired the image. The
native reference typically includes information such as the position, orientation, and voxel size of
the image.

In the context of image registration, the template is a reference image that isused as a
target to which other images are aligned.

the moving image to bring it into alignment with the template. This transformation

typically includes scaling, rotation, and translation. Affine registration is a useful method for
aligning images that have undergone similar transformations, such as images from the same

modality or images acquired in the same scanning session.

Non-rigid registration, on the other hand, is a type of registration that allows for more

flexible transformations of the moving image. Non-rigid registration can be used to align
images that have undergone more complex deformations, such as images acquired from different
modalities or images acquired at different time points. Non-rigid registration typically involves a
more complex transformation, such as a free-form deformation, which allows for local
deformations of the moving image.
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Data augmentation

Machine learning methods needs many examples to learn from.

Additional examples can be generated from existing examples by geometrical transformations
=> New data is created by deforming the old data.

» Transformation types are typically chosen and parameters sampled from a range of

allowed values.

¢ Choices of transformations can be used to teach methods invariances.

Example deformations (for image data) include:

Rotations \A
Translations . ‘

Skews | “ \
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Common for these applications is that we need to be able to apply transformations to sets

of points in images.

Either we only transform the point set or we transform the image intensities based on the

point set.
Types of transformations

Linear

Affine transformation

We start by the most simple one which is an affine transformation.

An affine transformation is one that consists of following, so just moving things around
basically.



N translation
' m
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scaling / \\ Q
shearing D rotation

stretching/non-uniform scaling

So, the affine transformation can be written as, R? — R?
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What is this?

1

' 1 0] [z t. )
= + — Translation
Y 0 1] ly ty

This is only the translation as the previous term is the identity matrix.



[x} = {all 0 } F] + [O} — Scaling around origin (0,0)

y 0 axnlly 0

And it is uniform if a1; = ag. x scaling with a;; and y scaling with as,.

x' cosf —sinf] [z 0 , . .
=|. + —> Counter — clockwise rotation around origin
sinf cosf 0

! 1 0
:cl = diz\ @ + —> Shearing around origin
Yy a1 1 Yy O

Affine transformations in homogeneous coordinates

As the translation part of the affine transformation does not keep the origin fixed, affine

transformation is not a linear transformation and cannot be written as a single 2 x 2
multiplication.

It can be written as a single 3 X 3 matrix multiplication in homogeneous coordinates:
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When we have the resulting transformation here, we can just remove the one and plot z and y
coordinates.

How many degrees of freedom does an affine transformation have? How many points needed
to uniquely determine a mapping?
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ensure an unique affine function (mapping).

A 2D point (z, y) has, for any w # 0, a homogenous coordinate representation [wz, wy, w| i
For w = 1, we get [z,y,1] .
If [h1, ha, h3] " is a homogeneous coordinate representation of (z,y), then

x = hi/h3,y = ha/hs3

Any linear transormation can be written in homogeneous coordinates as,

/

wx ail ai12 ais xXr
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1 as; asx asz]| |1

Any affine transformation can be written as a single 3 X 3 matrix multiplication in

homogeneous coordinates as,
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Y| = laa axn t,| |y
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Remember the shape of an object is loosely defined as the properties of the object that are

invariant under scaling, translation and rotation.

Affine transformations do not generally preserve shape.

Rigid transformations

ailr a2 tg

ailz ai12

An affine transformation matrix T' = [a2; ag t,| with submatrix A = { ] defines

0 0 1
a rigid transformation if A is orthonormal, that is, if for the vectors v = [a11, a12] T and

aszr a2

w = [as1,a] ", we have,
l|v]| = [Jw|| =1 andv' w=0
What does this mean geometrically?

Rigid transformations are composed of translation, rotation and reflection only.



Preserve straight lines, parallel lines, lengths and angles.

Levaing out reflection, how many degrees of freedom? => 3 => as we have a translation and

rotation. translation is 2 and rotation is only 1
Do rigid transformations preserve shape? => Yes, but there are more that do. What is missing?

Procrustes
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So, here we have the famous procrustes.

Procrustes (% e &) 2 M WSS, PEGMA KRR, SRR T
5 IR PR B /N A o R4 e L A A 138 B R A KA

FERTSEHIRLSE RIS . Procrustes R ) o BUAL ACHEAT BEERY . AR, Al
T S e, DU BT AR AL B A
Lo

Procrustes |/ @ 7ETTF BN e H A E T 12BN, eI NSRS F, BT PU# H Procrustes 5.y
¥k N EG AT X5, DUE S TR SRR L 5o b4, Procrustes i A A 14 22 HAth )
M, FBRIEFES T 5., EF R &S

So, procrustes if we have these two shapes.



Example

SCALING ROTATION

Above is what procrustes do.

Procrustes transformations in homogeneous coordinates are given by

x' a —y M| [z
v =17 a X |y
1 0 O 1 1

Notice only 4 degrees of freedom (DOF) compared to the 6 DOF of affine transformations.

Procrustes € Rigid Transformation
Perspective transformation

Describe transformation between two images of perspective projections of 3D planar scenes

Map lines to lines and map rectangles to quadrilaterals.




How many DOF => 8 and how mnay points needed to dertermine one => 4

Examples usage of perspective transformation

..

Define base quadrilateral

After projective transformation Cropped Image

Composition of transformations
Transformations can be composed

¢10 (P20 ¢3) = (P10 ¢2) 0 ¢3
In general the order matters

$10 P2 # P20 P1

Nonlinear

Diffeomorphisms
Often represented via (smooth) vector fields.
Commonly used for warping of images

o deformable image registration

» data augmentation in ML



e Motion models

o etc.
The most common type of nonlinear transformation is the diffeomorphism, which is:
e A1l — 1 map (so there exists an inverse)
e Smooth
e Has a smooth inverse
Diffeomorphisms are usually represented via their tangential vector fields
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Common issues
Not all vector fields correspond to diffeomorphisms.
Numerically found diffeomorphisms are not inverse of their numercially found inverses.

Do you think diffeomorphisms are sufficiently general to cover all needs for geometric

transformations? => Ofc Not.

_— : Piecewise-
Diffeomorphically diffeomorphically ) " )
Source deformed deformed Superimposition Target

Figure: Kok Nielsen, Darkner, Feragen, 2019.

For instance, the source and the target.
The diffeomorphism is not able to open the mouth as it's smooth.

Simply cut it to open, superimpose the missing data.
Transformations of images versus point sets

Let'ssay ¢ : R? — R? is a transformation.

We know how to apply ¢ to a set of points S € R?: We obtain S’ = {¢(s)|s € S} = ¢(9).



How do I apply the transformation ¢ to the image? What problems do I face?

For instance, I have a Forward mapping here.

Are there potential problems of this?

e Mapping multiple pixels onto one => The original pixel currently overlap 4 pixels

e Holes (pixels not being hit)

Backward mapping (inverse warp)

Are there potential problems of this?

e Don't hit pixel centres - need to interpolate.

e Don't always hit the original image - need boundary conditions

Common interpolation methods



Nearest neighbor (pick closest pixel): J(z') = I(z3)

I d

Or bilinear, J(z') = (1 — b)(1 — a)(I(z1) + al(z2)) + b((1 — a)I(z3) + al(zy)).

(Xl,)/z) (Xz,yz)

(X1,}/1) (Xz,y1)
of For e -

OI:l+OD

Other: Polynomial, spline, or in the Fourier domain.

nearest ‘ bilinear 7 bicubic

I ) I ) L —
0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0




Common boundary conditions

e Zero padding: set pixels outside 1 to 0

e Symmetric mirrorin: Mirror duplicate pixels at the border

Dictator: Ying Liu, March 12, 2023
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